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1   INTRODUCTION 
Low strain integrity testing for the in-situ condition 
assessment of piles has been used in practice for 
many years. Among of various techniques, surface 
wave methods, such as Sonic Echo (SE) or Impulse 
Response (IR) methods are simple and popular. In 
these methods, impact is imparted at the top of a pile 
to generate longitudinal wave travelling through the 
pile and then by measuring echo time, possible faults 
or embedment length of the pile can be identified. 
Longitudinal wave velocity is almost constant at low 
frequency for large diameter piles and the same is 
true for attenuation (Wang, 2004). So dispersion is 
not a problem for longitudinal wave at low strain 
integrity testing and one dimensional assumption is 
valid. Based on this assumption, Sonic Echo and 
Impulse Response method are developed. In SE 
method, velocity is considered as constant and 
almost equal to bar wave velocity. On the other 
hand, in IR method, mobility curve is usually used to 
determine the velocity, considering that the wave is 
propagating with constant frequency. However, this 
simplification is no longer valid if the top of the pile 
is not easily accessible and impact has to be 
produced from the side. In this case, 
bending/flexural wave is generated which is highly 
dispersive in nature. So the propagation velocity will 
be a function of wave frequency. Moreover, the 
impact load produces a broadband frequency 
excitation, and then the propagation velocity of a 
particular frequency component (called phase 
velocity) can be different from the propagation 
velocity of the whole group (called group velocity). 
So it is important to find the frequency at which the 
whole group of wave is moving and IR method 
needs modification. SE method is also affected by 
dispersion due to change of shape with distance. 
Figure 1 shows, how a wave induced by an impulse 
load change its shape due to dispersion. From the 
figure, it is clear that, reflected peaks are not easy to 
determine for the dispersive wave and SE method is 
no longer valid. 
    Short Kernel Method (SKM) is used widely for 
bending wave. Chen & Kim (1996) used SKM to 
assess the condition of timber piles by the variation 
of bending wave velocity at a particular frequency. 
Holt (1994) used SKM method to determine the 
overall length of the pole. In this paper Continuous 
Wavelet Transform (CWT) has been used to 
determine the phase velocity of the flexural wave in 
poles.  
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 ABSTRACT: Non-destructive testing has been used for many years to evaluate the in situ condition of timber 
piles. Longitudinal impact is usually applied on the top of piles to induce longitudinal wave to detect faults in 
piles due to the fact that the longitudinal wave has less dispersive nature at low frequency. On the other hand, 
when it comes to evaluation of poles in situ, it is different as poles are partly embedded in soil and it is more 
practical to produce bending waves, as the top of the pole is not easily accessible. However, bending wave is 
known for its highly dispersive nature; especially in the low frequency range which is usually induced in low 
strain integrity testing.  As bending wave can be considered as a hybrid of longitudinal and shear waves, it 
will be helpful, if it could detect the component of these two waves separately. To do so, components of 
displacements or accelerations along radial and longitudinal directions need to be  determined. By applying 
Fast Fourier Transform (FFT) on the signals, the dominant frequencies can be obtained. It has been found 
that, the longitudinal component decreases along radial direction which indicates the presence of bending 
wave component and this finding allows to the application of Continuous Wavelet Transform (CWT) on the 
longitudinal component of wave signals in order to obtain phase velocity. Phase velocities at different 
frequencies are then determined to draw the dispersive curve and compare with analytical phase velocity 
curve. The dispersion curve matched well with the analytical curve. 
2   THEORY OF FLEXURAL WAVE 
2.1   The governing equation 
The governing equation for flexural wave 
propagation is derived for one dimensional wave 
equation in an infinite medium. Bernoulli-Euler 
theory of beam is considered, i.e. only pure bending 
is considered. So if the material of the beam is 
considered as homogeneous, then the motion in the 
vertical direction (y direction) can be given by 
(Graff, 1975), 
 
   
   
 
 
  
   
   
          
                               (1) 
   
  
  
 
                               (2) 
where, E = modulus of elasticity; I = moment of 
inertia; ρ = mass density; A = cross sectional area. 
If a harmonic wave is propagating, then the 
flexural wave velocity, c can be found by, 
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where, ω = angular frequency. 
 From the equation it can be seen that, the wave 
velocity will increase with the increase of wave 
frequency without converging to a certain value due 
to neglecting the rotary inertia and shear effect. 
Rayleigh theory considered only the rotary inertia 
effect and Timoshenko beam theory considered both 
rotary inertia and shear effect in addition to bending. 
The comparison of these three theories is presented 
in Figure 2. The axes of the figure are non-
dimensional wavenumber ( ̅) and non-dimensional 
velocity ( ̅) which can be defined as: 
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where, c0 = bar velocity; γ = wavenumber; f = cyclic 
frequency; r = radius of the cylinder. 
From Figure 2, it is clear that, all three theories 
yield almost similar results for low wavenumber or 
low frequency and low frequencies are generally 
induced in low strain integrity testing. So in this 
paper, phase velocity of numerical data is compared 
with Bernoulli-Euler theory. 
2.2   Dispersion of flexural wave 
In the bending test broadband excitation frequency is 
usually induced and the wave moves as a group. So 
the velocity of an individual frequency component 
(phase velocity) and the velocity of the whole group 
(group velocity) are different in dispersive wave. 
The equation of phase (Vph) and group (Vgr) velocity 
is defined as, 
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Experimentally it is not easy to find out the 
wavenumber (Subhani, 2012) and moreover, only 
group velocity can be obtained from time domain 
data. Phase velocity has to be calculated from 
frequency domain (Lynch, 2007) or by SKM (Chen 
and Kim, 1996) or CWT. So, for low frequency 
band, equation (3) should be almost the same as 
equation (9). In this paper, phase velocity is 
determined from numerical data by CWT and 
 
Figure 1: (a) Waves at a given location x0 in a beam for 
varying time & (b) at a given time t0 for varying x resulting 
from an initial impulse (After Graff, 1975)  
 
Figure 2: Dispersion relation from different theories (After 
Graff, 1975) 
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compared with equation (3).   
2.3   Effect of soil 
Unlike piles, poles are partly embedded in the soil 
and most part of poles is above ground. The velocity 
of the wave is affected slightly by the surrounding 
medium (Lynch, 2007, Wang, 2004). Beside the 
velocity, attenuation is another important parameter 
to consider if the structure is embedded in another 
medium and equation (10) is only valid for low 
attenuation system (Pavlakovic and Lowe, 2003). 
The reason is, group velocity shows the propagation 
of energy and for high attenuation system, group 
velocity cannot be determined from equation (10). In 
this work, attenuation is considered low, because 
soil and timber pole are not rigidly bonded.  
2.4   Reflection of flexural wave 
Wave will reflect from the bottom of the timber pole 
and this reflection characteristic can be determined 
analytically by considering a semi-infinite beam. It 
is important to find the phase of the reflected wave 
to determine the velocity. For non-dispersive wave 
or low frequency longitudinal wave, this phase 
change mainly depends on the characteristic 
impedance (product of density and velocity) of the 
medium. When the characteristic impedance of the 
second medium (in this case, soil) is higher than that 
of the first (timber), then there will be a 180° phase 
change in the vibration (Kolsky, 1963), but the 
phase will remain the same if the soil impedance is 
less than timber. However, for dispersive wave, it is 
not straight forward due to the pulse distortion as 
described in Figure 1. Thus, pulse distortion due to 
dispersion and pulse distortion due to boundary 
interaction both occur and no general conclusions 
can be made on reflection characteristics of the 
boundary. Graff  (1975) considered a steady train of 
harmonic incident waves in a semi-infinite beam and 
determined the frequency dependent amplitude ratio 
of the reflected waves. For the finite end boundary 
condition, Graff only solved for pin end and free 
end. For an embedded timber pole, it is required to 
solve the equation with spring dashpot system at the 
finite end. In this paper rather than solving such 
equation, CWT is applied for determination of the 
frequency dependent amplitude ratio of the reflected 
waves. 
Lynch (2007) suggested that the reflected peak 
can be determined from the fact that, due to pulse 
distortion the amplitude of the consecutive peaks 
will reduce until there will be an increase in 
amplitude of a certain peak. This higher amplitude 
peak corresponding to the previous peak is 
considered as reflection or this peak is the beginning 
of the reflected wave group. He also determined the 
frequency of the propagating wave group by taking 
the reciprocal of the time difference between the 
first two peaks. This is valid, if there is only one 
mode present in the signal, otherwise, the time 
difference between two consecutive peaks of the 
wave group will be different and the group wave 
frequency will be different. In this paper, firstly, 
dominating frequencies are determined from Fast 
Fourier Transform (FFT). Secondly, CWT is applied 
on the signal and time domain plot is drawn for each 
dominating frequency. Then reflection peak is 
determined by aforementioned method and phase 
velocity is calculated for each frequency. At the end, 
the phase velocity is compared with analytical 
velocity (equation 3). 
2.5   Components of flexural wave   
In a cylindrical system, only three waves can be 
generated; longitudinal, bending and torsional wave. 
Longitudinal and torsional waves are symmetric, 
whereas bending wave is anti-symmetric. So in the 
bending wave the displacement at one position of 
the pole is 180° out of phase with those at a position 
180° around the circumference. But for symmetric 
wave, displacements are constant with angle.  
In longitudinal wave, only axial and radial 
components of displacement are present and in 
bending wave, angular component is also present in 
addition to the previous two (Figure 3). In 
cylindrical coordinate system (r, θ, z), these 
components can be expressed by the following 
equations (Kolsky, 1963), 
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where, U΄, V΄, W΄ are functions of r only.    
From the above three equations, it can be seen 
that, if θ = 0°, then equation (12) becomes zero, i.e. 
at the impact location (θ = 0°), there will be no 
angular component of displacement. Again, if θ = 
90°, then equation (11) and (13) are zero, i.e. in 
bending wave, axial and longitudinal component of 
 
Figure 3: Various displacement components of flexural wave at 
different location of cylinder 
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displacement is zero at a position 90° around the 
circumference from the impact location. Figure 3 
also shows the zero and non-zero values of different 
components at different location for bending wave. 
3   NUMERICAL VERIFICATION 
As a great deal of  simplification has been made in 
obtaining the analytical solution, the analytical 
results are better used for qualitative analysis and the 
numerical model is more suitable for following 
quantitative investigations. In this paper, a 12m 
timber utility pole (radius = 130mm) is modelled by 
ANSYS. The embedded length is 2m and transverse 
impact is imparted to produce bending waves at a 
distance of 1.5m from the ground level. All radial, 
longitudinal and angular/tangential components are 
taken into consideration. Contact element is used to 
simulate the soil-timber interaction.  
Morlet wavelet is used as mother wavelet for 
CWT. 
3.1   Component of flexural wave 
To verify equation (11)-(13), any point along the 
pole can be chosen. Figures 4-6 show the radial, 
tangential and longitudinal components respectively, 
at the surface of the pole at bottom. Figure 4 shows 
the radial component of displacement at θ = 0°, 90° 
and 180°. From equation (11), it is clear that, cos 0°, 
cos 90° and cos 180° give a value of 1, 0 and -1, 
respectively. So, radial component is zero at θ = 90° 
orientation and θ = 180° orientation shows a 180° 
out of phase of displacement component compared 
to 0°. Similarly, equation (12) is satisfied by Figure 
5. It shows that, zero tangential components are seen 
at θ = 0° and 180° and non-zero value tangential 
component occurs at 90°. Figure 6 satisfies equation 
(13), even though longitudinal component is seen at 
θ = 90° orientation but it is very small compared to 
0° and 180°.  
 Figures 7 and 8 show the variation of amplitude 
along the radius of the pole at θ = 0°. Figure 7 shows 
the variation of the radial component at r = 32.5mm, 
65mm, 97.5mm and 130mm (surface of the pole). 
From this figure, it is clear that due to the absence of 
the tangential component, it is purely a shear 
movement at θ = 0° orientation. So radial component 
is reflecting the shear movement of the wave and it 
is the same along the radius of the pole. Figure 8 
shows the longitudinal component of displacement 
along the radius and the amplitude is decreasing as it 
moves towards the center of the pole from the 
surface. This phenomenon proves the bending 
behavior of the pole, because axial/longitudinal 
displacement decreases from the surface and 
becomes zero at the neutral axis for the bending 
action.  
From the above discussion, sensor locations can 
be suggested. Three tri-axial accelerometers can be 
placed at θ = 0°, 90° and 180° orientation.   
3.2   Determination of phase velocity 
In this section, the verification of equation 3 will be 
shown. For practical consideration, a location above 
 
Figure 4: Radial component of displacement at the bottom of 
the pole and on the surface 
 
Figure 5: Tangential component of displacement at the bottom 
of the pole and on the surface 
 
Figure 6: Longitudinal component of displacement at the 
bottom of the pole and on the surface 
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the soil level is chosen (1m above the soil level or 
3m from bottom of the pole). Longitudinal 
component of displacement at θ = 0° orientation is 
selected, because equation (3) is derived for the 
motion in the vertical direction (‘y’ axis in Cartesian 
or ‘z’ axis in cylindrical coordinate) for the 
load/force in the transverse direction (‘x’ axis in 
Cartesian or ‘r’ axis in cylindrical coordinate). 
 Figure 9 shows the temporal and spectral data of 
hammer which generates stress wave. From the 
figure, it can be seen that, most of the energy 
imparted to the pole is below 2000Hz. This 
observation is also supported by stress wave 
measurement at 3m above the bottom of the pole  
where dominant frequencies in the wave is also 
below 2000Hz (Figure 10). All the possible 
dominate frequency can be determined from the 
Figure 10. 
 CWT is applied on the signal (Figure 11). In 
CWT, the axes are transformed into scale and 
translation. Time can be determined from translation 
and frequency can be determined from scale 
(Subhani, 2012).  
 From the CWT plot, all the dominating 
frequencies are chosen in order to plot the time 
domain signal for each frequency. Figures 12 and 13 
show the time domain plots at frequencies of 155Hz 
and 692Hz, respectively. These figures show that  
when bending wave travels with the wave group at 
the frequency of 155Hz or 692Hz, how the wave 
pattern will look like and from these figures the 
phase velocity corresponding to that frequency can 
be determined. 
To find out the velocity, determination of the 
reflection is important and it is selected based on the 
method described in section 2.4 which is shown in 
the figures. Another important feature of Figures 12 
and 13 is that the group behavior becomes more 
prominent as frequency increases. 
After selecting the reflected peak, phase velocity 
can be determined easily from the following 
formula: 
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where, L = distance between the sensor and the 
bottom of the pole; Δt = time difference between 
first arrival and reflection.  
Figure 14 shows the phase velocity of the wave at 
different frequencies. Analytical velocity, 
 
Figure 7: Radial component of displacement at 0° orientation 
along the radius of the pole 
 
Figure 9: Spectral and temporal data of hammer 
 
Figure 8: Longitudinal component of displacement at 0° 
orientation along the radius of the pole 
 
Figure 10: Spectral data at 3m from the bottom of the pole 
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determined from equation (3), is also shown in the 
figure. Numerical data match with analytical ones 
with an error of 0-22%. The discrepancy may be due 
to: 
 Numerical modelling is for a finite length pole, 
whereas, analytical model is for an infinite 
medium. 
 Rotary inertia and shear effects are neglected in 
equation (3) 
 Equation (3) is derived for harmonic wave, but 
numerical loading is due to impact load. 
 4   CONCLUSIONS 
In this paper, a possible arrangement of the sensor 
setup is proposed based on the components of 
flexural wave at different locations of the timber 
pole. It is also proved that, pure bending assumption 
can be acceptable if the wave frequencies induced 
by the impact loading is in the low range. A 
numerical modelling was necessary to provide 
quantitative analysis as simplified analytical solution 
can only provide qualitative analysis. CWT plot can 
be used to determine wave group pattern and 
therefore potentially determine the reflected waves. 
But it is also essential to find out the wavelength 
corresponding to the frequency, which will provide 
an indication on possible detectable lengths of 
damage or embedment for a particular frequency. 
Further research will be carried out to determine the 
suitable frequency range to be induced by the 
hammer impact to detect various damages.  
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Figure 13: CWT coefficient plot at 692 Hz 
 
Figure 14: Comparison of phase velocity of the wave 
 
Figure 11: Temporal data and its CWT at the sensor 3m above 
from the bottom of the pole 
 
Figure 12: CWT coefficient plot at 155 Hz 
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